SUCCESSIVE MINIMA AND RADII

MARTIN HENK AND MARIA A. HERNANDEZ CIFRE

ABSTRACT. In this note we present inequalities relating the successive
minima of a o-symmetric convex body and the successive inner and outer
radii of the body. These inequalities join known inequalities involving
only either the successive minima or the successive radii.

1. INTRODUCTION

Let K™ be the set of all convex bodies, i.e., compact convex sets with
non-empty interior, in the n-dimensional Euclidean space R", and let Kf be
the family of all o-symmetric convex bodies, i.e., K € K™ with K = —K.
Let (-,-) and | - | be the standard inner product and Euclidean norm in R",
respectively. We denote the n-dimensional unit ball by B,. The volume
of a set M C R"”, i.e., its n-dimensional Lebesgue measure, is denoted by
V(M) and we set k, = V(B,). If K C R" is an i-dimensional convex body,
i.e., its affine hull is an i-dimensional plane, we write V/(K) to denote its
i-dimensional volume.

The set of all i-dimensional linear subspaces of R" is denoted by L. For
LelLl?, L+ denotes its orthogonal complement and for K € K™ and L € L}
the orthogonal projection of K onto L is denoted by K|L. For M C R",
lin M and conv M denote respectively the linear and the convex hull of M.

The diameter, the minimal width, the circumradius and the inradius of a
convex body K are denoted by D(K), w(K), R(K) and r(K), respectively.
For more information on these functionals and their properties we refer to
[3, pp. 56-59]. If f is a functional on K™ depending on the dimension of the
space in which a convex body K is embedded, and if K is contained in an
affine space A then we write f(K; A) to denote that f has to be evaluated
with respect to the space A. With this notation we define the successive
outer and inner radii.

Definition 1.1. For K e K" andi=1,...,n let

R;(K) = min R(K|L) and 1;(K)= max maxr(KN(z+L);z+L).
LGL;’L LEL? xeLi
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So R;(K) is the smallest radius of a solid cylinder which has an i-dimen-
sional spherical cross section and contains K, and r;(K) is the radius of the
greatest i-dimensional ball contained in K. We obviously have

w(K)

Rn(K) =R(K), Ri(K) = —5 r,(K)=1r(K) and ri(K) = D(2)

Notice that the outer radii are increasing in i, whereas the inner radii are
decreasing in i. We also have for i € {1,...,n} and any convex body K,

(1.1) 1< _Ri(K)

In—i+1(K)
For the lower bound, which is best possible, we refer to [2, Lemma 2.1].
To determine the optimal upper bound is still an open problem, also in the
o-symmetric case. The bound presented above is given in [15] (see also [14]).
The following relation between the in- and outer radii and the volume of an
arbitrary convex body K € K" can be found in [2], Corollary 2.1]:

<i+1

n

(1.2) 2K - tn(K) < V(K) < 2Ry (K) - - - Ru(K).

n!
In the case when K is o-symmetric, we also have (see [2, Theorem 2.1])

(1.3) %LRI(K) Ru(K) < V(E) < 2"11(K) - -1 ().

For more information on successive radii, their size for special bodies as
well as computational aspects of these radii we refer to [11 2, [, 5] 6] [7, 12].

Here we are mainly interested in the relations of these radii to the suc-
cessive minima of a o-symmetric convex body with respect to the integer
lattice, which we introduce next.

We denote by Z™ the integer lattice, i.e., the lattice of all points with
integral coordinates in R”. Then any lattice A of R™ can be obtained as
A = BZ"™ with B € GL,(R), and the determinant of the lattice is defined as
det A = |det B|. As a general reference for lattices we refer to [9].

For K € K and a lattice A, the i-th successive minimum X;(K, A) of K
with respect to A, i =1,...,n, is defined as

Ai(K,A) =min{A € R: A > 0,dim(AK NA) > i}.

Clearly Aj(K,A) < .-+ < A\ (K,A). The second fundamental theorem of
Minkowski (see e.g. [9, s. 9.1, 9.4], [11], [13]) relates the successive minima
with the volume of a convex body K € Kj:

27’L
(1.4) - det A < M (K A) - A (KL A)V(K) < 27 det A

In the case of the integer lattice Z™ we will just write \;(K) instead of
Ai(K,Z™). In this paper we relate the successive minima with the inner and
outer radii. A quite obvious attempt to do that would be via relations of
the type A\ (K)r;(K) or A\j(K)R;(K). The next proposition shows, however,
that in general we cannot bound these products.
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Proposition 1.1. Let K € Kij. Then

1 1
— < N(K) < ,
r(K) =M= 1)
In all other cases, the products \;(K)r;(K) and \j(K)R;(K) cannot be boun-
ded neither from above or below by a constant depending only on the dimen-
Si0n.

1< <n.

Therefore we consider products of several radii and successive minima.
Theorem 1.1. Let K € Kf. Fori=1,...,n—1 we have
(1.5) Ait1(K) - M(K)V(K) < 2" (K) -+ 1(K),

(1.6) A(K) - M(K)V(K) =2 —Ri(K) -+ Ry (K).

None of these inequalities can be improved in the sense that 2™ or 2" /n! can
not be replaced, respectively, by 2™ —e or 2" /n! + € for any € > 0.

By ([1.1) we have r,—;j1+1(K) < R;j(K) and so:
Corollary 1.1. Let K € Kfj. Fori=1,...,n—1 we have

(L7 M) MEOV(E) < 2°Ryoia (K) - Ru(K),

None of these inequalities can be improved in the sense of Theorem [1.1].

For inequality and inequality (inequality and inequality
(L.8)), the “limit” case ¢ = 0 (i = n), i.e., when no radii appear in the
inequalities, is Minkowski’s inequality . The “limit” case : = n (i = 0),
i.e., when no successive minima appear in the formulae, gives the upper
(lower) bounds for the volume in and (L.3). Thus, these inequalities
build a bridge between Minkowski’s inequality and the known inequalities
involving in- and outer radii.

In the next section we present the proofs of the main results, as well as
some consequences for general (not necessarily o-symmetric) convex bodies.

2. PROOFS OF THE MAIN RESULTS

For a convex body K € K™ containing the origin in its interior, the polar
body of K is the convex body K* = {y eR": (z,y) <1, forallz € K}
(see e.g. [IT, s. 1.6]). The in- and outer radii of a o-symmetric convex body
K € K and its polar are related by the following identity, for which we
refer to [6], (1.2)]:

(2.1) Ri(K*)r;(K)=1 fori=1,...,n.
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Proof of Proposition[I.1 Since r(K)B, C K we obviously have

1 1
(@) B = 1

for 1 < ¢ < n. Analogously, from K C R(K)B, we find \;(K) > 1/R(K)
and so we trivially get the inequalities in the proposition.

Next we show that the inequalities above are the only possible upper and
lower bounds for the products A;(K)r;(K) and A;(K)R;(K). In order to see
that there is no upper bound on \;(K)r;(K), j =1,...,n — 1, we consider
the j-dimensional unit ball B; embedded in a j-dimensional irrational plane
Lef] ie, LNZ" = {0}. Taking the convex hull of B; and suitable points
with irrational coordinates, close enough to L, we can find an n-dimensional
convex body Ky with r;(Ko) =1 but arbitrarily large \;(Kp).

The non-existence of lower bounds on \;(K)r;(K), j =2,...,n, is shown
by the following cross-polytope P,(m). Form € Nand i = 1,...,n, let v; :=
(m=t ... m,1,0,...,0)T € R", and P,(m) := conv{twv; : i = 1,...,n}.
P,(m) is a o-symmetric lattice cross-polytope containing the origin as the
only interior lattice point. Hence

Ai(K) < X (r(K)By) =

for alli =1,...,n and next we show the inner radii r; (Pn(m)), ji=2,....,n,
can be arbitrarily small. Since r; are decreasing in j it suffices to verify this
fact for ro. Moreover, from ro (Pn(m)) < Rn_l(Pn(m)) (cf. ) we just
have to check that for a suitable projection 7, the lengths of the projected
vertices 7(v;) can be made arbitrarily small. Let 7 be the orthogonal pro-
jection onto the hyperplane orthogonal to v,. The k-th coordinate of the
projection 7(v;) = v; — (v, vp) /|vn|?vn of v; is given by

ikl T m? 4 -+ m2n=i=h)
(r(vi)), = 14+ m2+-- +m2n-1)
i)k 14 m2 4 4om26-1)
_m2n727k ,
L+m2+ - +m2n-1)

fork=1,...,1,

fork=i+1,...,n.

vp — (0,...,0)T  when m — oo,

and so Ry,—1 (P, (m)) tends to zero as m approaches infinity.

In order to deal with the outer radii we use polarity. By we may
write
Ai(K)An—iv1(K™)
An—ie1 (K*)r; (K*)
By classical results in Geometry of Numbers we know that the numerator
is bounded from above and below (cf. [8, Theorem 23.2]). Hence, by taking
K as the polar body of P,(m) and the foregoing discussion on the inner
radii we see that \;(K)R;(K) is not bounded from above for j > 2; by

Ai(K)R;(K) =
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taking K = K we get that \;(K)R;(K) is not bounded from below for
j<n-—1. O
Next we come to the proof of Theorem [I.1] providing upper and lower
bounds for products of successive minima in terms of the in- and outer radii.
Proof of Theorem [I.1 We start with inequality (1.5)). Let 21,...,2 € K be
i linearly independent points with \;(K)z; € \;(K)K NZ". We consider a
suitable (n — i)-dimensional coordinate plane L,,_; = {x eER”:xj, =--- =
xj, =0,7, € {1,... ,n}} such that
(2.2) lin{zl, .. ,Zi} NLy,_;= {0}

Denoting by A,_; = Z"™ N L,_; the sublattice of all points in L,_; with
integer coordinates, Minkowski’s second fundamental theorem assures that
)\I(K N Ln—iv An—z) T )\n—z(K N Ln—iv An—z)vnil(K N Ln—z) < 2n7i.
From ({2.2) we know that X\;(K N L,_;, A,—;) K contains i + j linearly inde-

pendent points of Z", for j = 1,...,n — i. Therefore,
Aipj(K) < N(KN Ly Api), j=1,...,n—1,

and hence
(2.3) Nip1(K) - Mp(K)VV (K N L, ;) <277
With L; = L, we get by the o-symmetry of K (cf. [I0])
i V(K)
VPV KN Ly—g) > ——t—.
BB = KL

Since K|L; is an i-dimensional o-symmetric convex body, we have (see [2,
Theorem 2.1]) VZ(K|LZ') < 211‘1(K|L2‘) oo rl(K]LZ) Together with 1"j(K|Li) <
r;(K) (see [2, Lemma 2.1]), we get
VI(K|L;) < 211 (K) - - 14(K).
Therefore V(K
V'K N Ly) > )

B 2ir1(K) .- I‘Z(K)
and using (2.3) we obtain
)\i—l—l(K) ce )\n(K)V(K) < 2”1‘1(K) c I'Z(K)

In order to show that inequality (|1.5)) cannot be improved it suffices to
consider the tightness of inequality (1.7]) in Corollary Let @, (1) be the
orthogonal parallelepiped with edge-lengths s, 12, . .., p", for p > 1. The
successive minima of such a box are A; (Qn(,u)) =2/un It i =1,...,n,
the outer radii R; are given by R;(Qn(1)) = (1/2)( ,;:1 12) 1/2 (see [B,
Theorem 4.4]) and for the volume we find V(Qy, (1)) = - -+ p™. Thus

H?:iﬂ Aj (Qn(/‘))
H?:nfzﬂrl R; (Qn(m

2n—iﬂn—i+1 . un

n J 2k 127
Hj:n—i—H k=1 H

)V(Qn(ﬂ)) =2’
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which tends to 2" as p approaches infinity.

Now we prove inequality (1.6). Again let z1,...,z; € K be i linearly
independent points with \;(K)z; € \j(K)K NZ". We denote by u; :=
Aj(K)z;, and we consider the i-dimensional sublattice A; of Z" determined
by {u1,...,u;}. Clearly, det A; > 1. Minkowski’s lower bound in (1.4]) gives

% 7

2 )
— < —detA; < Al(KﬂhnAl,Al) . )\l(K ﬂllnAl,Al)Vl(KﬂhnAl)

il =l
Since A\j(K Nlin A, Ay) = N (K), 1 < j <4, we can write
2! ;
(2.4) — <A (K) - N(K) V(K Nlin Ay).

i
With L,,_; = (lin A;)* we know that (see [16])

n

Vi),

VHK N1lin A))V* (K| L, ;) < (
i

Since K|L,_; is an (n — i)-dimensional o-symmetric convex body we have
(see [2, Theorem 2.1])
. n—i
V'YK |Ly—) > le(Kwnﬂ‘) Ry (K| Ly —3),

and since R;j(K|L,—;) > R;(K) (see [2, Lemma 2.1]) we arrive at

n—i

V'Y K|Lp_) > ———

Therefore
: : n V(K) n! V(K)
VH{K NI AZ < _ < i ’
( 1 ) = <i>V"‘Z(K|Ln_i) — 419n—1 Rl(K)"‘Rn_Z'(K)
and with we get
2n

HRl(K)"'Rnfi(K) <M (K) - N(K)V(K).

To show that inequality (1.6)) cannot be improved it suffices to consider
the tightness of inequality in Corollary We consider for p > 1
the orthogonal cross-polytope C(u) := conv{Zu'e; : i = 1,...,n}, where
e; denotes the i-th canonical unit vector. The successive minima of such a
cross-polytope are \; (C’;(u)) = 1/p"I* j =1,...,n, the inner radii r;
are given by 1;(Cr (1)) = (Xp—n_ji1 H_zk)_l/z (see [5, Theorem 4.4]) and
for its volume we find V(Cj;(p)) = (2"/n!)p- - - p™. Thus

TTisy X (CF (1) . on
Hnj 1 i((C’*( 3)V(C’n(,u)) Tl M” : —2k\—1/27
g=i+1 13\ ' Hj:iJrl(Zk:nf]#l:u )
which tends to 2" /n! when p — oc. O

n—1i
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In order to present some inequalities as in Theorem for arbitrary
convex bodies, we write DK = K + (—K) for the difference body of a convex
body K € K". DK is certainly o-symmetric, and for further properties we
refer for instance to [8, s. 9.5]. The central symmetral of K is the convex
body K = (1/2)DK (see [3, p. 79] for a study of this symmetrization).

As a consequence of Corollary we get the following result for general
convex bodies.

Corollary 2.1. Let K € K". Fori=1,...,n — 1 we have

(2.5) Ait1(DK) - M(DE)V(K) < 2Rp_i11(K) -+ Rp(K).
26)  M(DK)- MDEWV(DK) > oty () -1 ().

None of these inequalities can be improved, in the sense of Theorem [1.1]

Proof. Let K € K". Inequality (1.7) and inequality (1.8) applied to the
central symmetral K give

A1 (B) -+ MKWV (E) < 2"Ryi1 (K) - Ro(K)

and
n

It is well known that central symmetrization does not decrease the volume
(cf. e.g. [3} p. 79]) and so we have V(K) < V(K). Moreover, for the outer
radii R; it holds (see [I2, Lemma 2.1]) R;(K) < R;(K), and for the inner
radii r; we have (see [12, Remark 2.1]) r;(K) > r;j(K), j = 1,...,n. Then
writing K = (1/2)DK we obtain

2" N\it1(DK) - - M(DK)V(K) < 2"Ry,_i41(K) - Ry (K)
and

2'\(DK) - - -AZ-(DK)QinV(DK) > %rHl(K) (K,

which prove the result. The orthogonal paralfelepiped and the orthogonal
cross-polytope considered in the proof of Theorem show that inequality

(2.5)) and inequality (2.6]), respectively, cannot be improved. O

Remark 2.1. In Corollary [2-1] the well-known Rogers-Shephard inequality
V(DK) < (%:‘)V(K) (see [IT, s. 7.3]) can be used in order to express ine-
quality (2.6) in terms of the volume of K. But then the bound is not best
possible.

We finally remark that identity (2.1]) allows to express the inequalities in
Theorem [I.1] in terms of the in- and outer radii of the polar body.

Remark 2.2. Let K € Kjj. Fori=1,...,n—1 we have
Ait1(K) - M (K) Ry (K™) - Ry (K*)V(K) < 2™,
2TL

>

A(K) - M) e () v o KOVK) >
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None of these inequalities can be improved, in the sense of Theorem [1.1]

In the same way we can rewrite Corollary [1.1] and Corollary [2.1]in terms
of the radii of the polar body.
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